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The temperature dependence of the electrical resistivity (1.3-300 °K) has been studied for the
isomorphous compounds Ce,_,La,Al;, Cey ,Y,Al;, and Cey ,ThAl;. In these compounds, one or

two maxima have been observed in the p-vs-T curve.

An analysis of the experimental results

is presented in terms of the Kondo sideband theory, which describes Kondo exchange scattering
of the conduction electrons in the presence of localized moments whose ground-state manifold

is split owing to the presence of crystalline fields.

It is shown that the changes observed in p

behavior for CeAl; upon replacement of Ce by La, Y, or Th can be correlated with changes in
the crystal field parameters, and in the case of Th also with changes in the density of states of

the conduction electrons.

I. INTRODUCTION

Anomalous behavior of the temperature depen-
dence of the electrical resistivity p has been ob-
served recently in some cerium-aluminium com-
pounds, viz., CeAl, ! and Ce;Al;; .2 In these com-
pounds, p shows a gradual rise with decreasing
temperature below about 15 and 20 °K, a sharp max-
imum at 4.5 and 6 °K, followed by a marked fall.
The gradual rise of p was interpreted as being due
to Kondo exchange scattering. The maximum was
attributed to the onset of magnetic-ordering effects,
quenching the Kondo exchange-scattering mech-
anism. The sharp fall of p was thought to be due to
the disappearance of the Kondo effect and to the de-
crease of normal spin-disorder scattering.

In the compound CeAl;, a marked rise of p was
found with decreasing temperature, starting not
far below room temperature.® At about 35 °K, the
p~T curve reaches a maximum and then, below this
temperature, falls rapidly. This latter behavior
cannot be ascribed to magnetic-ordering effects.
Magnetic measurements have shown that these ef-
fects are absent in the relevant temperature region.
It has already been suggested® that in CeAl;, just
as in CeAl, and Ce;Aly;, the Kondo effect is active,
and assumes giant proportions in this compound.
The conditions in CeAl; are indeed favorable for
the occurrence of such an effect. It has been found
from magnetic measurements and from data for
the lattice constants that the Ce ions are in the
trivalent state and thus carry a localized moment.
Furthermore, it follows from Knight-shift data for
the NMR of AI?" % ° that the effective s-f exchange
integral has a high negative value. However, at-
tempts to explain the observed p behavior in CeAl,
by means of traditional second-order perturbational
Kondo theory failed. It is suggested in the present
paper that the reason for the failure is connected
with the fact that in Kondo’s theory the localized
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spin moment is considered to remain unchanged
with temperature (apart from a repopulation of the
Zeeman levels due to the possible presence of a
weak internal field). In compounds such as CeAl,,
crystalline electric fields are operative which
bring about a variation of the localized Ce®* mo-
ment with temperature. The Kondo sideband
model recently proposed by Maranzana® for the
resonance scattering of conduction electrons takes
account of the presence of crystalline electric
fields.

It is the purpose of the present paper to show
that the experimental p-vs-T curves given for
CeAl; and the related pseudobinary compounds in
Sec. II strongly support the validity of the Kondo
sideband model. First, in Sec. I, an outline is
given of the nature of the crystal field splitting in
CeAl; and the changes introduced in the latter upon
partial replacement of Ce by La, Y, or Th. More-
over, the substitution of Th for Ce affects the elec-
tronic dencity of states at the Fermi level. The
main features of the Kondo sideband model are out-
lined in Sec. IV. In Sec. V, an interpretation of
p data is presented on the basis of the Kondo side-
band model, taking into account variations of the
crystal field parameters and of the electronic den-
sity of states. A discussion of this interpretation
can be found in Sec. VI.

II. EXPERIMENTAL

The samples have been prepared by arc melting
followed by vacuum annealing (3 weeks at 900 °C);
the purity of the rare-earth metals was 99. 9%, that
of aluminium 99.99%. The compounds CeAl,, LaAl,,
@~-YAl,, and ThAl; are isostructural and have the
hexagonal NisSn structure.” X-ray diffraction
showed that a continuous region of solid solution
exists between any two of these compounds, that is
to say, the sets of pseudobinary compounds Ce;., ,
Th, Al,, Ce;.,La,Al;, and Ce;_, Y, Al; studied in this
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investigation were found to be isostructural. The
binary compound YAl; when not alloyed with CeAls,
LaAl;, or ThAlg could be obtained by us as a single-
phase compound only in its rhombohedral g modifi-
cation, which is a stacking variant of the o form.
The lattice constants of the binary compounds are
given in Table I. The lattice constants of the pseu-
dobinary compounds can be obtained from a linear
interpolation between the data of the relevant binary
compounds (Vegard’s law). .

The resistivity data have been obtained in the -
temperature range 1.3-300 °K by the same method
as described before.® The results for the three
sets of compounds are shown in Figs. 1-3. Itis
seen that in nearly all cases the resistivity still
decreases markedly in the vicinity of the lowest
measuring temperature, making an estimate of its
residual part impossible. As we are especially
interested in the variation of p with temperature,
we have subtracted a constant value from each curve
such that the p-T curves of compounds belonging to
the same set match at 300 °K. It is seen from the
figures that partial replacement of Ce by the non-
magnetic elements La, Y, or Th leads to significant
changes in the temperature dependence of p. The
salient feature of the experimental resistivity curves
is the presence of one or two peaks. The position
of these peaks on the temperature scale depends on
the nature and on the molar fraction of the sub-
stituent. The constituent elements of the compounds
under consideration are trivalent with the exception
of Th which is tetravalent. Therefore, substitution
of Th for Ce might lead to appreciable changes in
the density of states of the conduction electrons.
These changes should also become apparent in the
variation of the magnetic susceptibility with x in
the compounds La,_, Th, Al; and Y;_, Th, Al; when
compared to La,_, Y, Al;. In these compounds ¥ is
mainly determined by Pauli paramagnetism of the
conduction electrons and diamagnetism of conduc-
tion and core electrons. The room-temperature
data for the above-mentioned ternary compounds
are shown in Fig. 4. For the system La, , Y, Al;,
the variation of x with x remains limited by the
two values indicated for LaAl; and YAl;, whereas
a very pronounced variation of x with x is observed

TABLE I. Lattice parameters for the binary hexagonal

compounds considered in this paper.

Lattice constants (f\)

Compound a c c/a
CeAl; 6.545 4.609 0.704
LaAly 6,662 4,609 0.692
YAl 6.276% 4,582% 0.731%
ThAlg 6,499 4,626 0.712

2D. M. Bailey, Acta Cryst., 23, 729 (1967).
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FIG. 1. Variation of the temperature dependence of
the electrical resistivity p of CeAl; upon replacement of
Ce by nonmagnetic La, The experimental curves have
been shifted on the p scale so that they match at 300 °K.
Some of the curves have been reproduced as broken lines
in order to obtain a transparent figure.

for the Th compounds. For all compounds con-
sidered X increases slightly with decreasing tem-
perature. This is probably due to band-mixing ef-
fects and/or to the presence of small amounts of
paramagnetic impurities. The variations of x with
x at room temperature, such as shown in Fig. 4,
however, were found to remain essentially the same
at 77 °K. The x data for the systems Y;_, Th, Als
and La;., Th, Al;, therefore, suggest that, with in-
creasing Th concentration, N(E) first rises or is
constant but then (x >0. 3) decreases appreciably.
Preliminary investigations, made by M. H. van
Maaren of this laboratory, on the behavior of the
electronic specific-heat coefficient ¥ in Y;_, Th, Alg
as a function of x essentially corroborate the above
interpretation of x behavior.

III. CRYSTAL FIELD SPLITTING

Owing to the perturbing influence of the crystal
field, the 2J +1 degeneracy of the ground state of
the Ce® ion is partly removed. In zero magnetic
field this leads in the case of hexagonal symmetry
to a splitting into three Kramers doublets. The
localized magnetic moment now depends on the tem-
perature through the Boltzmann average over these
three doublets. The over-all splitting A of the
ground-state manifold and the relative positions of
the three doublets can be estimated with the help of
the point-charge model. Actually, in cases where



1664 BUSCHOW, VAN DAAL, MARANZANA, AND VAN AKEN 3
CeyxYxAl ® P uhunl [Ces.xThyAly
X ™N
20 w1 x
010
020 gf:
033 020
050 bt

067

\ [

1.00

200 250
—T(°K)

o
a
S
3
S
-
@
o

FIG. 2. Variation of the temperature dependence of the
electrical resistivity p of CeAl; upon replacement of Ce
by nonmagnetic Y (see also caption to Fig. 1).

a direct comparison with experiment has been pos-
sible, this model proves to be rather unrealistic,
especially with respect to estimates of the over-all
splitting A. For the present compounds, we will
nonetheless describe the crystal field splitting in
terms of this model because it is well suited for
discussion of the various possibilities.

The crystal field Hamiltonian, in its general form
given by

H, :Z:nt:tn O':zn ’

reduces, for the case of a Ce®
electric potential field, to

*ion in a hexagonal

H,=BJ0J +B30Y . 1)

Here 03 and OZ represent equivalent operators; the
crystal field intensities, in the notation of Ref. 9,
are given by

=AJ (") 6y (2)

where

Z ngg;ﬁ@l. 3)

m
A =- | el Zn +1
In these expressions, (#") denotes the expectation
value of the nth power of the modulus of the position
vector of the 4f electron. 6, represents the Stevens
multiplicative factor, while ¢; and R; are the charge
and the position of the surrounding ions, respective-
ly. The constants C,,, and the expressions for the
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FIG. 3. Variation of the temperature dependence of the
electrical resistivity p of CeAl; upon replacement of Ce
by nonmagnetic Th (see also caption to Fig. 1),

functions f,,(R) can be obtained from the data tabu-
lated in Ref. 9. Putting ¢;=lel Z; and con51der1ng
only the twelve nearest Al neighbors of the Ce®*

in CeAl;, one finds

Bg :ezF(C/a)ZAI <7’Z> (a/aa) s (4)
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FIG. 4. Variation of the magnetic susceptibility x of
the compounds Y;_,Th,Al; as a function of composition.
All data were taken at room temperature.
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FIG. 5. Relative position of the three Kramers doublets

of the split ground manifold of the Ce® ion in an hexagonal
crystal field as a function of the ratio of the crystalline
field intensities B} and BJ.

By=e’F'(c/a)Za () (B/d%) : (5)

where F and F’ are numerical constants for a given
value of ¢ /a, which, using the data for CeAl, of
Table I, take the approximate values -3 and +1&,
respectively. It may be remarked that these values
and the corresponding value of BY/Bj are at variance
with those calculated by Mader and Swift. 1°

The relative position of the three doublet levels
is determined by the ratio BY/B}. With the data
listed for (»?), (»*), @, and B in Refs. 9 and 11, one
finds BY/B}~110. This corresponds to a relative
position such as shown in the left-hand side of Fig.
5.

It will be shown in Sec. IV that the resistivity
behavior depends rather strongly on the relative
position of the three doublets in a given compound.
Therefore, we have calculated these positions in
Fig. 5 as a function of B}/B? and will pursue further
the study of crystal field effects by discussing the
causes that will lead to changes in the BY/Bj ratio.

In the first place, we want to examine the influ-
ence of more distant neighbors: If account is also
taken of the electric field due to the (2 +6) next-
nearest Ce neighbors, one obtains, with Z,;=~1
and Zg,=+3,'% 1 3 value for BJ/B} close to —1300.
Because of the insensitivity of the relative position
of the levels towards By/Bj, when the latter quan-
tity approaches the value - 100, this corresponds
to a level scheme as shown on the right-hand side
of Fig. 5. We have also calculated the crystal field
intensities due to the contributions of all atoms ly-
ing within a sphere of 10 A centered around a Ce
atom. Because in this case BY/By=~-490, the rela-
tive positions of the doublets are again the same as
indicated on the right-hand side of Fig. 5. The
latter calculation is considered to be more realistic
than the former one, where account has been taken
only of the nearest- and next-nearest-neighbor Al
and Ce atoms. Actually, hardly any difference re-
sults in the final outcome if the radius of the sphere
is extended from 10 to 20 A. Summarizing, one
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might say, therefore, that in going from left to right
in Fig. 5, one passes from a level scheme corre-
sponding to a crystal field caused by the nearest
twelve Al neighbors to level schemes in which in-
creasing account is taken of the influence of the re-
mote Ce and Al atoms. In the above considerations,
no proper account has been taken of screening ef-
fects. These can lead to effective electric charges
at the Ce and Al sites which vary with the distance
to the central Ce atom and may differ appreciably
from those used above. This means that also BY/
BY values lying within +100 and - 100 are not to be
excluded a priori for CeAl;, so that one has to deal
with a whole scale of possible level schemes (see
Fig. 5) for this compound.

Anticipating the results arrived at in one of the
following sections, we want to mention that by means
of the resistivity data of the compounds Ce, _, La, Al,,
Cey, Y, Al;, and Ce, Th;_ Al;, a choice can be
made between the possibilities shown in Fig. 5.
This choice becomes possible owing to the sensi-
tivity of BY /B to the c/a ratio, and it is the latter
ratio which can be changed by varying x in the above
compounds. We have performed numerical calcula-
tions on the variation of B} /BY as a function of c/a
by taking account of contributions to the crystal
field of all atoms lying within a sphere of 20 A.
These calculations show that if the ¢/a ratio is al-
lowed to vary from 0.69 (LaAl;) to approximately
0.73 (YAl), one has B] /B values varying from
—350 to —. These values are to be compared
with B} /B= - 440 obtained for c/a=0.704 (CeAl,).
Clearly, La substitution in CeAl; produces a shift
to the left on the BY/BY scale in Fig. 5, whereas a
shift in the opposite direction should be the result
of Y or Th substitution. It has not been possible to
check this behavior of BY/B} as a function of c/a
by numerical calculations for a situation in which
screening effects are operative, although it is like-
ly to apply in this case also.

IV. KONDO SIDEBAND MODEL

An essential feature of the Kondo exchange scat-
tering14 is the fact that it involves intermediate states
of the localized spin which differ from the initial
and/or from the final state: The eigenvalue of the
z component of the localized spin moment in the in-
termediate state differs by one quantum from the
eigenvalue proper to either the initial or the final
state. When the localized spin can flip by one quan-
tum without energy expenditure, the conduction
electrons on the Fermi surface are scattered res-
onantly. For instance, for a localized moment with
S=3%, the | +3) and | -} ) states are degenerate. In
Kondo scattering, a flip from either | +3) to | =3 )
or vice versa always takes place, and this leads to
a strong resonance at T =0 in the transition prob-
ability 1/7, for scattering of the conduction electrons
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having energy E, equal to E;. The resonance peak
broadens at T# 0 and with increasing temperature

eventually disappears due to the diffuseness of the

Fermi level.

In the present case, the situation is more com-
plicated. Spin-flip scattering can occur in princi-
ple between the following sublevels of the ground-
state manifold of the Ce® ion:

il —]38), (il—ed), @H=]2D).
In zero crystal field splitting, and in the absence of
internal or external magnetic fields, each of these
possibilities corresponds to elastic scattering and
will lead to a resonance in the relaxation time for
E,-Er=0. In the presence of an hexagonal crys-
tal field, elastic scattering is only possible for the
first of the three possibilities. Maranzana® has
shown that for each pair of doublets (+3 [, [+3)

or (+3|, I+2%), Kondo exchange scattering leads
to a sharp resonance peak at 7'=0 in the transition
probability 1/7, at an energy shifted away from Ep,
of an amount equal to the energy separation of the
pair. These resonance peaks are designated as
“Kondo sidebands.” With increasing temperature,
these Kondo sidebands broaden and eventually dis-
appear owing to the Fermi level becoming diffuse.
If the splitting of the Ce3* manifold is such that the
doublet |+3 ) is the highest level, the relaxation
time at 7'=0 does not even show the normal Kondo
resonance at E,=E; because, according to the
Boltzmann distribution, the doublet is unoccupied
at very low temperatures. In the two other cases
the scattering is inelastic.

The interesting question is, of course, what sort
of effects are to be expected in the resistivity-vs-
temperature curve from a relaxation time contain-
ing resonances. Generally speaking, in order to
obtain an expression of the resistivity as a function
of temperature, the relaxation time must be intro-
duced in the usual formula for the conductivity:

0
U(T)OCka(T> E,) %LEE)_ ae, , (6)
k

where £ is the Fermi-Dirac distribution function
in the absence of an applied electric field. When
the relaxation time as a function of energy shows
(as in this case) resonance peaks at E,# E,, one
intuitively expects as a consequence of this the
existence of two peaks in the resistivity- vs-tem-
perature curve at temperatures equivalent to the
distances of the energy levels in the two pairs of
doublets. Numerical calculations of p as a function
of T, based on Eq. (6), have been made for various
positions of the doublets. The approximations used
in the evaluation of Eq.. (6) have been indicated in
Ref. 6 (see also Ref. 15). The results of these
calculations, as reported in Sec. V, indicate that

BUSCHOW, VAN DAAL, MARANZANA, AND VAN AKEN 3

the peaks in the resistivity are usually shifted away,
on the temperature scale, from the intuitively ex-
pected values. A number of factors bring about
this shift: in particular, the derivative of the
Fermi-Dirac distribution function and the tempera-
ture dependence of the relaxation time through the
Boltzmann factors. A detailed study of the shifting
of the resistivity peaks would require deriving
Eq. (8) and putting this derivative equal to zero.
The width of the resistivity peaks is closely con-
nected with the sharpness of the Fermi level at a
given temperature. If the resonance scattering in-
volves a large separation in energy between the
crystal field levels, a rather diffuse Fermi level
will be involved. For this reason, the resistivity
maxima will, in general, become flatter the higher

‘the temperature is at which they are observed.

V. INTERPRETATION OF RESISTIVITY DATA

The experimental p data presented in Sec. II
(Figs. 1-3) will now be interpreted on the basis
of the Kondo sideband model (see Sec. IV), employ-
ing the results of the calculations made on the crys-
tal field splitting of the Ce® ground state (see Sec.
III). In the numerical calculations of p as a function
of T, it has been assumed that the total splitting of
the Ce® ground state is a constant which is equival-
ent to 50 °K. Results for various relative positions
of the three doublets corresponding to values of
BY/BY in the ranges ABC and CDE (see Fig. 5) are
shown in Figs. 6 and 7, respectively. In these
figures, just as in Fig. 8, only the relative differ-
ences in temperature behavior of p for the various
crystal field splittings have relevance. The calcu-
lations have been performed in the limit of the va-
lidity of perturbation theory. In this limit, first-
and second-order contributions to the relaxation
time for scattering of the conduction electrons are
of the same order of magnitude.

It is seen in Figs. 6 and 7 that above about 50 °K,
p behavior in all situations is roughly the same,
showing the increase of p with decreasing T expected
in normal Kondo systems. This is because at tem-
peratures sufficiently larger than the total splitting,
the Ce®* ground multiplet may be regarded as de-
generate. Below about 50 °K, p behavior can be
seen to differ appreciably in the various situations.
At very low temperatures, p increases markedly
with an increase of T except in region AB and at
point D, where p decreases sharply with an increase
of 7. In the latter cases, the normal Kondo effect
is present at very low temperatures also because
the lowest state consists either of the doublet
|+3) (region AB) or of the coinciding doublets
|£2) and |+2) (point D). In these calculations the
effect of sidebands becomes manifest in the presence
of either one broad maximum if B /B} has values
in the vicinity of A, C, or E or in the presence of
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FIG. 6. Variation of the calculated temperature de-
pendence of the electrical resistivity of CeAl; due to dif-
ferences in relative position of the three doublets. The
calculations include first- and second-order effects. The
figures at the right-hand side represent the relative posi-
tion (in °K) of the levels | +5), |+2), and | £}), respec-
tively . The capital letters denote the corresponding
situations in Fig. 5.

two maxima for values of BY/B} near B or D. In
the cases where two maxima are present, the one
occurring at the lower temperature is seen to be the
sharpest.

Calculations of only the first-order contribution
to p as a function of 7 have also been made. The
results for situations in the crystal field range CDE
are shown in Fig. 8. It is interesting to note the
anomalous behavior of p in a limited region beyond
D, In that region, a minimum occurs in the p-T
curve without the presence of a Kondo effect. An
explanation of this anomaly can be found when one
considers the influence on p behavior of the com-
peting elastic and inelastic first-order scattering
processes. Let us consider the situation where the
|£2) doublet is the lowest state, separated by a
small energy distance from the [+2) doublet, while
the |+3) doublet is at a relatively high position
[e.g., the situation (0, 1, 50) in Fig. 8]. With in-
creasing temperature, starting at the lowest T, the
initial increase of p is due to the influence of in-
elastic processes, involving transitions with spin
flip between the doublets [+3) and [+2), accom-
panied by spin flip of the conduction electrons. At
the same time, however, population of the [+3)
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doublet leads to a decrease of the effect of elastic
scattering processes on p. This is because for
each doublet this effect is proportional to the square
of the expectation value of the z component of the
relevant magnetic quantum number. The competing
effect of elastic and inelastic scattering leads to a
maximum in the p-7 curve. In the partially re-
verse case [viz., (1,0,50), see Fig. 8], a maximum
in the p-T curve is absent because elastic as well
as inelastic scattering processes lead to an increase
of p with 7. In all cases of Fig. 8, at higher tem-
peratures, the increase of p with T is due to the
dominant influence of inelastic scattering process-
es, involving the pair of doublets (2|, [+3).

When comparing experimental and theoretical
results, it should be realized that in the latter re-
sults account has been taken only of magnetic ef-
fects with a constant concentration of scattering
centers. Furthermore, the ratio between first-
and second-order contribution to p has been re-
stricted to the allowed limit. In the experimental
results, the temperature dependence of p is influ-
enced in addition by lattice vibrations, determining
resistivity behavior, e.g., in LaAl;, while the
magnitude of the magnetic part is also influenced
by dilution. Taking the above considerations into
account, a considerable systematic resemblance
can be seen between the sets of experimental curves
presented in Figs. 1-3, on the one hand, and the
sets of theoretical curves shown in Figs. 6 and 7,

)
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FIG. 7. Variation of the calculated temperature de-
pendence of the electrical resistivity of CeAls due to
changes in the relative position of the crystal field levels
(see also caption to Fig. 6).
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FIG. 8. Variation of the calculated temperature de-

pendence of the electrical resistivity of CeAl; due to

changes in relative position of the crystal field levels.

In the calculations only first-order scattering effects are

considered (see also caption to Fig. 6).

on the other, if it is assumed that in CeAl; the
crystal field splitting of the Ce® ground state cor- )
responds to the region around the point C in Fig.

5.

It has already been pointed out that in the set of
compounds Ce, _, La, Al, the c/a ratio decreases
with increasing x leading in Fig. 5 to a shift to the
left on the B} /B} scale (see Sec. II). The suc-
cessive theoretical curves in Fig. 6, going from
C to B, show a remarkable resemblance with
the set of experimental curves obtained on
Ce, ., La, Al; with increasing x (Fig. 1). This sug-
gests that the crystal field splitting in CeAl; does
indeed change through an increasing replacement
of Ce by La, from a situation near point C to one
near point B.

Partial replacement of Ce by Y leads to an in-
crease in the ¢/a ratio and to a corresponding shift
to the right on the B) /BY scale in Fig. 5. In the
successive theoretical curves of Fig. 7, when going
from C to D, first one broad maximum remains
present at about the same temperature. Only when
approaching D, the presence of a second maximum
at lower temperatures becomes clearly noticeable.
In a limited region beyond the point D, this low-
temperature maximum becomes enhanced. The set
of experimental curves for Ce;_, Y, Al; with increas-
ing x shows essentially the same trend of tempera-
ture dependence as sketched above (Fig. 2). With
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x increasing from 0. 00 to 0.20, the temperature
dependence of p does not change appreciably, p be-
havior being characterized by one broad maximum.
The presence of a second low-temperature maxi-
mum becomes visible for x> 0.33. Thus it seems
plausible that substitution in CeAl; of Y for Ce
leads to a change in the relative positions of the
doublets from a situation near to point C to a situa-
tion slightly beyond D.

Confirmation of the above explanation of the change
in p behavior upon dilution of CeAl; with YAl; can
be obtained from the data for the set of Ce,_, Th, Al
compounds, although complications arise from the
additional effect of Th substitution on the electronic
density of states. Replacement in CeAl; of Ce by
Th, just as by Y, leads.to an increase of the c/a
ratio, albeit smaller than in the case of Y substi-
tution. When disregarding variations in the density
of states, one may thus expect in the set of experi-
mental curves for Ce,_, Th, Al;, with increasing x,
a trend of the temperature dependence similar to
that of the theoretical set when going from C to or
beyond D (see Fig. 7). The general trend in both
sets of curves is indeed the same: With increasing
x, likewise when going from C to D, there appears
a second low-temperature maximum. In a further
comparison, allowance should be made for the var-
iation of N(Ez). It has been suggested (see Sec.

1) that in Ce,_,Th, Al; with x increasing from 0.00
to 0.30, N(Ej) either goes through amaximumoris
a constant, but then for x>0.3 decreases appreci-
ably. One might thus expect that Kondo sideband
effects become enhanced in the region 0<x<0.3
but weakened for x increasing above 0.3. There
is a fairly good resemblance between the experi-
mental curves with increasing x and the theoretical
Kondo sideband curves of Fig. 7, when going from
a point near C to somewhere near the situation
(0.3, 0, 50), if allowance is made of N(Ey) first
rising and then (x >0. 3) decreasing appreciably.

It is interesting to note that the experimental curve
for the case of 67% Th shows very much the same
temperature dependence as the theoretical first-
order curves for situations immediately beyond
point D, e.g., the curve marked (0, 2, 50) in Fig.
8. This similarity might suggest that such a Th
concentration does indeed bring the crystal field
splitting into the region beyond D and, moreover,
that due to the corresponding lowering of N(Ey),
Kondo sideband effects have totally disappeared.
However, when considering the order of magnitude
of first- and second-order effects (see Sec. VI),

it appears that the above-mentioned similarity can
only be accidental.

Let us summarize the above interpretation of
p data. It is proposed that in CeAl; the hexagonal
crystal field splits the Ce®* ground state such that
the doublet | +3) is the lowest and that either the
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| +2) or the | +3) is the highest state. The total
splitting is suggested as being of the order of 50 °K.
The relative position of the levels is such that

Kondo sideband effects lead to two resonant peaks

in the resistivity, which merge together to one
broad peak and correspond to the pairs of doublets
(31, I+3)and(+21,1+3). The normal Kondo
effect due to the | +3 ) state is quenched at tempera-
tures low in comparison to the total splitting because
there this state is practically unoccupied.

Partial substitution of La for Ce, due to a de-
crease in the average c/a ratio, leads to a rear-
rangement of doublet levels such that ultimately the
| +3) doublet closely approaches the ground-state
| +2), while the position of the upper | +3) doublet
remains essentially unaltered (see also. Fig. 5).
This leads to two well resolved resonance peaks in
the p-T curve, a sharp peak at low temperatures
corresponding to the pair of doublets ( +3 1,
| +3) at a small energy distance, another broad
one at higher temperatures, determined by the
pair of doublets (+3 |, |+£%) at a larger energy
distance.

Partial replacement of Ce by Y or Th, due to an
increase of the average c/a ratio, ultimately leads
either to the situation where the | +£) doublet is
the lowest state with the [+2) doublet at a small
energy distance (the case of Y) or to the reverse
of this situation (the case of Th)while in all cases
the | +3) doublet is the highest state. This leads,
just as in the case of La substitution, to the oc-
currence of two resonant peaks in the p-7 curve.
The low-temperature peak corresponds to the
pair of doublets (+3 |, | +3) at short energy dis-
tance, the high-temperature one to the pair of
doublets (+3 |, |+3) at a larger energy distance.
In the set of compounds Ce;_ Th,Al;, with
increasing ¥, Kondo sideband effects are enhanced
in the lower range of x values but weakened in the
higher range due to the corresponding variation of
the electronic density of states at the Fermi level.

VI. CONCLUDING REMARKS

In the above calculations, a value of 50 °K has
been assumed for the over-all splitting of the
ground -state manifold of the Ce® ions due to the
crystalline electric field. This value is to be
considered as approximate. Furthermore, it should
be somewhat smaller and larger for high x values
of the compounds Ce,_,La,Al; and Ce;_,Y,Al;, re-
spectively. Assuming a somewhat different value
for BY/BY, an appreciably higher estimate (280 °K)
of the over-all splitting for CeAl; has been given
by Mader and Swift!® by means of the comparison
of a calculated and the experimental curve of the
reciprocal susceptibility vs temperature. The
observed deviations from Curie-Weiss behavior
are slight and occur only below 50 °K. Therefore,
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this method is rather insensitive and in addition
would give rise to an overestimate, as deviations
from Curie-Weiss behavior may also arise due to
the presence of a Kondo effect. ®

It has been shown in Secs. I-V that the Kondo
sideband concept is able to account satisfactorily
for the remarkable temperature dependence observed
in the electrical resistivity of the compound CeAlg
and, in addition, proves to be able to deal ade-
quately with the changes in p behavior introduced
upon partial replacement of Ce by La, Y, or Th.
We consider these facts as strong evidence for
the validity of the Kondo sideband concept.

It has still to be considered whether the Kondo
sideband model can account also for the magnitude
of the magnetic resistivity. In the theory (see
Ref. 6), the first-order transition probability for
scattering is given by the relation

iy = CTN(E ), )

while for the second-order transition holds
1
— = C| T N (E: ). ®8)

In Egs. (7) and (8), C is a constant, I the effective
s-f exchange integral, N(E;) the electronic density
of states, f and 5 ®’ functions of temperature, and
crystal field splitting of the Ce* ground state. The
factor CI'®N(E;), figuring in both equations, has
been disregarded in the calculations, so that the
first-order contribution to resistivity p*’ is in-
dependent of I" and N(E;), while the second-order
contribution p'® is proportional to | T' | N(Ez). The
calculations have been performed in the limit of
the validity of second-order perturbation theory,
i.e., the maximum contributions to p'® and p®
have been given equal magnitude. It appeared
from the relative magnitudes of f*’ and f‘® that in
this limit one has IT'IN(Ez)~0.1. A rough esti-
mate of the magnitude of p'* in CeAl, can be ob-
tained from the experimental data. It is seen in
Fig. 1, at the low-temperature side, that the lowest
values for CeAl; and LaAl; differ by about 10 uQ
cm. This value constitutes a reasonable measure
for p'!? because the residual value for’ CeAl; seems
to be almost reached, while, moreover, the sec-
ond-order contribution appears to be small at high
temperatures, where the CeAl; and LaAl; curves
have been matched. On the other hand, it appears
from Fig. 1 that the maximum contribution in
CeAl; to p'?’ is about 100 pQcm. Thus, in the ex-
periment p'® is an order of magnitude larger than
p'Y’. One might then conclude that in CeAl, the
produce [T IN(Ez) should have a value of about
unity. This conclusion is admitted only as far as
the extrapolation of perturbation theory beyond
the limits of its validity is allowed. The conciu-
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sion that [T"IN(Ez)= 1 does not seem unreason-
able. It follows from Knight-shift data for
CeAly*® that T'~ - 3 eV/at., whereas N(E) can be
close to 0.5 state/eV at., so that one finally arrives
at the correct order of magnitude of the product
ITIN(Ep). Moreover, with the above values for

T and N(Ey) and using the conventional equation for
spin-disorder resistivity, one arrives at a value
of about 10 pQcm for p¥ for temperatures rela-
tively high compared to the total crystal field
splitting. This is consistent with the above esti-
mate of p'!’ from experimental data. It follows
that one “arbitrary unit,” used in the theoretical
first-order results (see Fig. 8), is equivalent to
about 1 uQcm. It also follows, then, that in the
case of Cey 33Thy 4;Alg in the low-temperature re-
gion, the total variation of p in the experiment is
at least one order of magnitude larger than expected
from the first-order contribution in the situation
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(0, 2, 50) (compare the results of Figs. 3 and 8).
In this case, too, the second-order contribution
evidently remains dominant.

An alternative way to explain a decrease of p
with increasing 7' seems possible, in principle,
by means of Blatt’s mechanism.!” In that case,
the 47! level has to be close to the Fermi surface,
which is not unlikely. To.obtain a maximum in the
p-vs-T curve the Blatt mechanism has to be com-
bined with effects of different origin (for instance,
crystal field effects, if these could be treated
simultaneously with the Blatt mechanism). It is
seriously doubted, however, whether in such a
model the occurrence of two maxima in the p-T
curve could be explained, and whether the p data
obtained for CeAl; upon increasing replacement of
Ce by La, Y, or Th could consistently be accounted
for.
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The treatment of the Anderson model of a localized moment in a metal has been extended
beyond the effective-field approximation by a method recently developed for studying the Hub-

bard model.
localized center.

‘1. INTRODUCTION

In a previous paper, the author! studied the prob-
lem of an interacting system of localized moments

This leads to an accurate treatment of the Coulomb interaction associated with the
The results are a simple generalization of those obtained by Anderson within

the context of the effective-field approximation.

in a dilute magnetic alloy. Each localized center
containing a magnetic moment was represented by
the model of Anderson.? The problem was treated
by means of an equation-of-motion method, includ-



